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Abstrat
A system of three point vorties in an unbounded plane has a spe-
ial family of self-similarly ontrating or expanding solutions: during
the motion, vortex triangle remains similar to the original one, while its
area dereases (grows) at a onstant rate. A ontrating onguration
brings three vorties to a single point in a nite time; this phenomenon
known as vortex ollapse is of prinipal importane for many-vortex sys-
tems. Dynamis of lose-to-ollapse vortex ongurations depends on the
way the ollapse onditions are violated. Using an eetive potential rep-
resentation, a detailed quantitative analysis of all the dierent types of
near-ollapse dynamis is performed when two of the vorties are identi-
al. We disuss time and length sales, emerging in the problem, and their
behavior as the initial vortex triangle is approahing to an exat ollapse
onguration. Dierent types of ritial behaviors, suh as logarithmi
or power-law divergenes are exhibited, whih emphasizes the importane
of the way the ollapse is approahed. Period asymptotis for all singu-
lar ases are presented as funtions of the initial vorties ongurations.
Speial features of passive partile mixing by a near-ollapse ows are
illustrated numerially.
1 Introdution
The importane of point vorties in appliations is due to the dominant role of
oherent vortial strutures in many 2D turbulent ows. Experimental and nu-
merial studies performed in [1℄-[8℄ have demonstrated, that in ases of driven or
freely deaying 2D turbulene a number of onentrated vorties develops out of
an originally unstrutured ow. In many situations, dynamis of this nite-size
∗
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vorties an be reasonably well approximated by point-vortex models [9℄-[11℄,
allowing the redution of the study of a time dependent eld, to a simpler Hamil-
tonian system of N interating partiles. Point-vortex dynamis is an essential
ingredient of puntuated Hamiltonian models, whih have been suessfully used
to desribe the evolution of 2D turbulene after the emergene of the vorties
[8, 12, 13℄. In these models, the advetion of well-separated vorties is approxi-
mated via Hamiltonian point-vortex dynamis; to aount for the hange in the
vortex population toward smaller number of bigger vorties, dissipative merging
proesses [14, 15℄ are inluded for vorties whih have approahed eah other
loser than a ertain ritial distane. Point-vortex dynamis is responsible for
bringing vorties together, i.e. it determines what kind of merger proesses will
our and how often.
The number of vorties in a ow an be quite large, in whih ase a om-
plete dynamial desription gets intratable, but still an yield some important
statistial quantities [16, 17℄. On the other hand, few-vortex systems an be in-
vestigated in muh more detail. Reent interest in this area was mainly direted
towards the study of Lagrangian haos in dierent settings [18℄-[23℄. Apart from
this, low-dimensional vortex dynamis is essential for the understanding of the
evolution of many-vortex ows, sine it desribes their "elementary interations"
[24℄. On an unbounded plane one needs at least three vorties to get a non-trivial
dynamis, leading to non-onstant inter-vortex distanes. On the other hand,
motion of three vorties on an unbounded plane is always integrable, whereas a
generi four-vortex system is already haoti [25, 26, 27℄. Hene, a three-vortex
system is the only generi nontrivial ase, whih allows a omplete dynamial
analysis. General lassiation of dierent types of three vortex motion, as well
as studies of speial ases of partiular interest were repeatedly addressed by
many authors [30, 37, 24, 26, 31, 29, 32, 18℄, see [35℄ for a review.
If we think about point vorties as an approximation of a nite-size pathes of
onentrated vortiity, than we have to be sure that they always stay separated
by a distane several times larger than a harateristi size of the path, in order
for the approximation to be valid (see [10℄ for a diret omparison of nite-
size path dynamis with its point vortex ounterpart). A natural question is
how lose an the vorties approah eah other during their motion? A rather
surprising answer is that three vorties an be brought to a single point in nite
time by their mutual interation. Aref [35℄ points out that this result was already
known to Gröbli more than a entury ago. This phenomenon, known as point-
vortex ollapse was studied in [24, 29, 31, 32℄. The dynamis of exat ollapse is
relatively simple due to a self-similarity of vortex motion in this ase: a triangle
formed by vorties (vortex triangle) rotates and shrinks, but stays similar to
the initial one. Vortex triangle area dereases linearly with time, at a rate
determined by vortex strengths and triangle shape [24℄. A spatial reetion of a
vortex triangle is equivalent to a time reversal, so that a reetion of a ollapse
onguration will experiene an innite self-similar expansion with the same rate
of hange of triangle area. The nite-time ollapse of three point vorties into
one (or its reverse the splitting of one vortex into three) hanges the topology of
the ow eld, this feature itself has important onsequenes: this phenomenon
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may play an important role in topologially driven transitions where vorties are
involved, and it oneptually allows the onentration (ollapse) or spreading
(splitting) of vortiity even for non-visous media.
As a matter of fat, analysis of rare gas of vortex pathes, performed in
[28℄ indiates, that in the limit of low vortex density (vortex oupation less
than one-two perent), strong interations our only between three vorties in
a spei way, similar to the three point-vortex ollapse. These proesses may
be thought of as resonane interations in the vortex gas.
For the ollapse to happen ertain onditions on vortex strengths and ini-
tial positions have to be satised exatly, so that in a real system, probability
of this event is zero: true resonanes do not our. However, atual vorties
have some harateristi size, and when distane between them gets ompara-
ble with their size, vorties experiene a onsiderable distortion, and may merge
together, whih means, that from a broader physial point of view, a ollapse
an be thought of as a proess whih brings vorties lose enough (up to their
size) to eah other. For three initially well-separated vorties to ollapse in the
above sense, their strength and positions may satisfy "resonane onditions"
only approximately. We refer to this kind of motion as near-ollapse dynamis.
Its importane stems from the fat, that inter-vortex distanes are hanged on-
siderably (by orders of magnitude) during the motion, whih brings the system
to a dierent length-sale, where new physial mehanisms enter into play.
The main goal of this artile is to desribe dierent senarios of the 3-vortex
system in near-ollapse dynamis, in other words we perform a quantitative
analysis of the motion in near-ollapse situations, when the resonane initial
onditions are slightly distorted, and/or the vortex strengths are not preisely
tuned. These results are briey resumed in tables 1-3 inluded in Setion 3.
We restrit our attention to the ase when two of the vorties are idential,
for whih it is possible to map the dynamis of the vorties to a motion of a
partile in a one dimensional potential. Our desription is tailored to obtain the
dynamial harateristis of the motion, suh as the intervals of vortex distane
variation, period of relative motion, et, and even in a simplied situation of
two equal-strength vorties, we have found a rih pattern of vorties dynamis.
Shortly, depending on the parameters of the system, the vorties an perform
periodi dynamis with dierent singular periods as well as periodi dynami
with non-singular period. More importantly we have found that the singularity
of the periods an be of the logarithmi or pole type. This information about
possible time salings of the near ollapse motion should be taken into aount
when many-vortex systems are onsidered and, partiularly it is signiant for
studying advetion in 3-vortex systems. We will ome to this issue in a forth-
oming publiation.
In Setion 2 the basi equations of vortex motion, their symmetries and or-
responding rst integrals are speied. Eetive Hamiltonian for a three-vortex
system with two idential vorties is introdued in Setion 3. Using this Hamil-
tonian, dierent types of near-ollapse dynamis are lassied and analyzed.
In Setion 4 we disuss various routes to ollapse, i.e. the manner in whih
near-ollapse motion types approah self-similarly ontrating (expanding) so-
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lutions as initial onguration is taken loser to the exat resonane. In Setion
5 we give an illustration of how the approah to ollapse aets passive partile
advetion.
2 Dynamial equations
Point vorties are exat solutions of Euler equation (see for example [33℄); whih
writes for the vortiity Ω
∂Ω
∂t
+ [Ω, ψ] = 0 , (1)
where [·, ·] is the usual Poisson braket, and ψ is the stream funtion; for two
dimensional motion of inompressible uid Ω = −∇2ψ. Equation (1) expresses
the onservation of generalized vortiity along the path lines of the ow.
A point vortex system is dened by a vortiity distribution given by a su-
perposition of Dira funtions:
Ω(R, t) =
N∑
i=1
kiδ (x− xi(t)) , (2)
where x is a vetor in the plane of the ow, ki is the irulation of i-th vortex, N
is the total number of vorties, and xi(t) is the vortex position at time t. Using
this expression for the vortiity, and solving Poisson equation, in the Euler ase,
one obtains a stream funtion of a point vortex system. By Helmholtz theorem
[34℄, the motion of vorties is determined by the value of the veloity eld at
the position of the vortex. The equation of a point vortex motion is:
ki
dxi
dt
= ez ∧ ∂ψ
∂xi
. (3)
where ez is the unit vetor perpendiular to the ow. The motion has an Hamil-
tonian struture with the two Cartesian oordinates as onjugated variables, and
by onvention we shall drop ψ and use the notationH instead. The Hamiltonian
H is given by:
H =
1
2π
∑
i>j
kikjU(xij) (4)
where xij = |xi − xj | and the interation potential U(x) = − log(x) in ase of
an unbounded plane. The Hamiltonian (4) is invariant under translation and
rotation, whih implies both the onservation of the vortex momentum:
P ≡
N∑
i=1
kixi(t) = const. (5)
and vortex angular momentum Lez with:
L2 ≡
N∑
i=1
kix
2
i (t) = const. (6)
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In this paper we onsider a ase of three vorties in an unbounded domain.
We restrit our attention to the relative motion of vorties, taking inter-vortex
distanes Ri as prime variables. The notation we use is illustrated in Fig. 1. The
invariane of the Hamiltonian (4) under translations allows us a free hoie of the
oordinate origin, whih we put to the enter of vortiity (when it exists). Then,
the other two onstants of motion (energy and angular momentum) written in
a frame independent form beome:{
H = − 1
2pi [k1k2 lnR3 + k1k3 lnR2 + k3k2 lnR1]
K =
[
(
∑
i ki)L
2 − P 2] = k1k2R23 + k1k3R22 + k3k2R21 . (7)
The equations of motion (3) yield the following non anonial system for the
dynamis of the inter-vortex distanes:

k−11 R1R˙1 = A/π(R
−2
2 −R−23 )
k−12 R2R˙2 = A/π(R
−2
3 −R−21 )
k−13 R3R˙3 = A/π(R
−2
1 −R−22 ) ,
(8)
where A is the area of the triangle A1A2A3 (see Fig. 1), and x˙ refers to the
time derivative of x, (See [24, 31℄ for details).
The physial system being dened, we shall now fous on the near ollapse
onguration. As mentioned earlier, for the three point vortex problem, under
ertain onditions, whih depends both on the initial onditions, and the vortex
strengths, the motion is self similar, leading either to the ollapse of the three
vorties in a nite time, or by time reversal, to an innite expansion of the
triangle formed by the vorties. These onditions of a ollapse or an innite
expansion of the three point vorties are easily found. The rst ondition is
immediate as for a ollapse to our K has to vanish. For the seond ondition
we just need to look for onditions to obtain a sale invariant Hamiltonian. With
suh spirit let us divide all lengths Ri by a ommon fator λ in the Hamiltonian
H . We readily obtain H ′(λ) = H + (
∑
kikj) lnλ, we then obtain the ollapse
onditions:
K = 0 (9)∑
i
1
ki
= 0 , (10)
i.e, the harmoni mean of the vortex strengths (10) and the total angular mo-
mentum in its frame free form (9), are both zero. Near a ollapse onguration,
the two onditions (9), (10) allow two dierent ways to approah the singular-
ity. Namely, we an hange initial onditions whih hanges the value of K,
or hange the vortex strength and modify the harmoni mean. Unfortunately
the motion of the three vorties even though integrable is not easily omputed
analytially. It then seemed useful to restrit the problem to some less general
ase, assuming that the basi mehanisms of ollapse should not dier muh in
the general ase. To emphasize this last statement, let us rst onsider a general
ollapse situation, for whih the total strength is ktot. The following onditions
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are then fullled ∑
i
ki = ktot ,
∑
i
1
ki
= 0 , (11)
whih are equivalent to ∑
i
ki = ktot ,
∑
i
k2i = ktot
2 . (12)
The values for the vortex strengths orresponding to a ollapse onguration
are therefore loated on the irle resulting from the intersetion of the sphere
of radius ktot
2
and the plane imposing a total vortex strength equal to ktot.
Sine we have a irle, we shall assume that, from this point of view, no speial
onguration exists, and any should be suient to desribe qualitatively the
dierent possible behaviors.
In the following we will be onsidering the ase, when two of the three
vorties are idential. Sine the resaling of time sales leads to a freedom in
vortex strength normalization, we will assume
k2 = k3 = 1 (13)
Then, in order for a ollapse to happen, the strength of the third vortex has to
satisfy (10) whih gives the resonane value of the rst vortex: k1c = −1/2. We
will be mostly interested in the situations, when k1 is negative and lose to its
resonane value, so we will denote
k ≡ |k1| , (14)
and dene the deviation from the resonane as
δ = 1/2− k . (15)
3 Near-ollapse dynamis of vorties
In the ase when two out of three vorties are idential, there exists a onvenient
representation of the system dynamis in terms of a motion of a partile in a
one-dimensional potential, parametrially depending on vortex initial ondition.
To derive this representation, we introdue a new set of variables: X = R21,
Y = R22R
2
3, and Z = R
2
2 +R
2
3. The onstants of motion (7) an be written as:{
Λ = e4piH = Y k/X
K = X − kZ . (16)
where new parameter Λ is introdued instead of H in order to simplify formulas.
An equation on X an be diretly obtained from the rst equation of (8),
squaring it gives:
X˙2 =
4
π2
A2k2
(R22 +R
2
3)
2 − 4R22R23
R42R
4
3
=
4
π2
A2k2
Z2 − 4Y
Y 2
. (17)
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Square of the vortex triangle area A an be found from geometrial identities{
A =
√
Y | sin θ|/2
X = Z − 2√Y cos θ , (18)
whih leads to
16A2 = 4Y − (X − Z)2 . (19)
Using the expression for the onstants of motion (16), we obtain:
X˙2 =
1
4π2
[4k2Y − (K − (1− k)X)2][(K −X)2 − 4k2Y ]
k2Y 2
, (20)
where Y = (ΛX)1/k. This equation has a form of an energy onservation law for
a partile of mass 1 and zero total energy moving in a potential V (X ; Λ,K, k),
dened by
V (X ; Λ,K, k) ≡ [(K − (1− k)X)
2 − 4k2Y ][(X −K)2 − 4k2Y ]}
8π2k2Y 2
. (21)
Indeed, equation (20) an be rewritten as
Heff (X˙,X ; Λ,K, k) ≡ P 2/2 + V (X ; ΛK, k) = 0 , (22)
with Hamiltonian equations
X˙ = ∂Heff/∂P ≡ P , P˙ = −∂Heff/∂X . (23)
Thus, dynamis of vortex onguration is governed by an eetive Hamiltonian
Heff , where the shape of the potential well V depends on the initial vortex
positions through the values of rst integrals Λ and K (16), and the strength of
the rst vortex k.
Eetive Hamiltonian representation (22), gives a number of advantages,
allowing to use simple standard tehniques for one-dimensional onservative
systems to nd dynamial properties of vortex motion. In a sense, the problem
is redued to determining the shape of the potential V as a funtion of its
parameters.
Before proeeding to the analysis of the types of potentials, emerging in our
problem, we have to mention the restritions, imposed on the system by the fat
that three vorties form a triangle. Sine this was not taken into aount in the
derivation of the eetive Hamiltonian (22), it may put additional boundaries
on the possible values of X . Note, that sine the eetive energy Heff in (22)
is always zero, a motion exists only on the segments where the potential is
negative. Therefore, triangle inequalities and the ondition V ≤ 0 dene the
physial domain of X . Triangle inequalities
|R2 −R3| ≤ R1 ≤ R2 +R3 , (24)
written in terms of new variables an be obtained by taking the square of (24):
Z − 2
√
Y ≤ X ≤ Z + 2
√
Y , whih is equivalent to
(X(k − 1) +K)2 − 4k2Y ≤ 0 . (25)
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The ondition (25) is equivalent to the positiveness of the right hand side of
equation (19) and translates that the square of the area of the triangle A1A2A3
is positive. The ondition V (X) ≤ 0 together with the triangle inequalities (25)
imposes then
(K −X)2 − 4k2Y ≥ 0 , (26)
Realling that Z > 0, we have X ≥ K, whih together with inequality (26),
gives nally
X ≥ K + 2k
√
Y . (27)
Now we have a preise information on where the motion should lie, and an
proeed to the study of dierent regimes of near-ollapse dynamis. Although
the eetive potential representation is valid for any k 6= 0, we will restrit our
study (and our denition of near-ollapse) to the interval k ∈]0; 1[, sine the
speial ases k = 1 (esaping vortex pair) and k = 2 (neutral tripole), as well as
the degenerate ase k = 0 (two vorties and a passive partile) bring up their
spei singularities, unrelated to the ollapse phenomenon. Let us onsider
dierent regimes suh that eah regime orresponds to a lass of qualitatively
similar motions [24℄. Using the eetive Hamiltonian representation (22), we
infer that dierent regimes may be enountered orresponding to the number
of roots of the potential V (X ; Λ,K, k) lying within the physial domain. This
number hanges with variation of the parameters (Λ,K, k).
Note, that the absolute value of K depends on the length units and an be
saled out of the problem. Indeed, the potential V and the physial domain
boundary (27) are invariant under the saling transformation (ompare to (16))
X → X|K| , Λ→ Λ|K|
δ , (28)
and the problem an be redued to the study of the three following ases
K = 1 , K = −1 , K = 0 , (29)
where the last ase is singular. The dierent situations enountered have been
ondensed in the tables 1-3, whih are presented at the end of this Setion. This
is intended to briey summarize the result of this work and allow the reader to
browse through this paper more easily.
In the following we will disuss in details the dierent types of motions and
ritial situation enountered; most of the gures illustrating the problem will
orrespond to the values (29), although we will keep K as a sale parameter in
formulas, keeping in mind, that only its sign is relevant to distinguish dierent
regimes. We insist that the saling of Λ in (28), whih an be rewritten in terms
of vortex energy (7) as
H → H + δ ln |K| , (30)
leaves Λ and H unhanged, when δ = 0, i.e. when vortex strengths exatly
satisfy the ollapse ondition (10). The sales of the motion are determined by
the value of the angular momentum K, while from a pure energeti point of
view the motion would be thought as sale invariant.
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3.1 Critial situations for K 6= 0
To detet bifurations, leading to the appearane of new roots of the potential,
we look for the degenerate roots of (21). As a rst step, we just want to nd
these roots, leaving their detailed interpretation for the following paragraphs.
Suh roots Xc exist only for ertain ritial values Λc of the energy parameter
Λ, and an be found from: {
V (Xc,Λc) = 0
∂V/∂X(Xc,Λc) = 0
(31)
The above system an be easily solved if one noties, that the potential (21) is
written in a fatorized form: V = V1 ∗ V2/(8π2k2Y 2), with
V1 ≡ [(K − (1− k)X)2 − 4k2Y ], V2 ≡ [(K −X)2 − 4k2Y ] (32)
Then, if a solution Xc, Λc exists and is dierent from X = 0, it should be either
a double zero of V1 or V2, or a zero of both V1 and V2.
We start from nding a double zero of V2, whih yields a system similar to
(31), where V is substituted by V2, that leads to:{
(X −K)2 − 4k2Y = 0
2kX (X −K)− 4k2Y = 0 (33)
and after some substitutions we readily obtain,{
Xc1 = K/2δ
Λc1 = (K/2δ)
−2δ (34)
For Xc1 to be positive, K and δ must have the same sign, so this bifuration
pertains to the physial region only for the ases K > 0, k < 1/2 and K <
0, k > 1/2 (it is easy to hek that substitution of (34) into (27) turns the
latter into an identity). Another solution, X = K, Λ = 0, orresponds to the
situation when the negative vortex merges with one of the two others, reduing
the system to a two-vortex ase. Notie that Xc1 diverge as vortex strength
ollapse ondition (10) is approahed (δ → 0, k → 1/2), whih announes a
speial behavior of the ase δ = 0, requiring a speial treatment.
Double zeros of V1 are found in the same manner. After some algebra we
obtain: {
Xc2 = Xc1/ (1− k)
Λc2 = (1 + 2δ)Λc1/2
(35)
and a solution X = K/(1 − k), Λ = 0 for the merged situation. Being propor-
tional to Xc1 , Xc2 diverges in the same manner as δ → 0, and requires sign of
K and δ to be the same, in order to lie in a physial range. It also diverges
when k → 1, as we have mentioned earlier, this is the ase of a sattering of a
neutral vortex pair on a vortex, whih is out of the sope of the present paper.
Finally we note, that sine V1 is proportional to the area of the vortex triangle
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A, the ritial equilibrium position Xc2 orresponds to an aligned vortex ong-
uration; in a similar manner we dedue that Xc1 orresponds to an equilateral
onguration [24, 31℄.
A third possibility, when both V1 = 0 and V2 = 0, leads to the following
system: {
(X −K)2 − 4k2Y = 0
(K − (1 − k)X)2 − 4k2Y = 0 (36)
whih yields: {
Xc3 = 2K/(2− k)
Λc3 = [K/ (3 + 2δ)]
−2δ
/4 .
(37)
This ritial ase also orresponds to an aligned onguration, where the nega-
tive vortex of strength −k is in the middle between the two idential vorties.
In near ollapse situation 2− k > 0, and sine Xc3 has to be positive, this rit-
ial situation appears only for positive total vortex angular momentum K > 0.
Here a merged solution also exists (X = 0, Λ = +∞), whih orresponds to
the merging of the two idential vorties. We also notie that the divergene of
Xc3 for k = 2 orresponds to a speial ase of a neutral tripole, when the total
vortiity is zero, and the enter of vortiity is not dened.
Now we turn our attention to the three dierent spei ases distinguished
by the sign of K. For eah ase, we will indiate whih of the above found
bifurations do our, and study the phase spae trajetories of the eetive
Hamiltonian (22) for dierent regimes.
3.2 The ase K > 0, k 6= 1/2
From the previous Setion, we know that the number of ritial energies for this
ase depends on the sign of δ, i.e. whether k > 1/2 or k < 1/2. A speial ase
k = 1/2, δ = 0 will be treated separately. We start from the ase k < 1/2,
when all three ritial ases (34), (35), (37) belong to the physial region. If
we keep the value of k xed, and vary the energy, we will enounter various
motion regimes, separated by the three ritial energies. To illustrate the ritial
situations we plotted the potential V as a funtion of X for the three dierent
ritial energies for k = 0.2 in Fig. 2. The ritial energy Λc1 orresponds to the
maximum possible value for whih motion an exist; for Λ = Λc2 an unstable
equilibrium (saddle point) appears, and motion beomes aperiodi; and in the
last ase of Λ = Λc3 , another saddle point appears right on the border of the
physial region (orresponding to unstable aligned onguration).
Motions regimes for dierent energy ranges are listed below (See Table 1):
1. Λ > Λc1 Motion impossible.
2. Λc1 > Λ > Λc2 The potential has 2 zeros in the physial region, there
exists a single type of periodi motion (see Fig. 3). When Λ → Λc2 , the
period diverges logarithmially
T (Λ) ∼ 1/2 ln |Λ− Λc2 | , (38)
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(see Fig. 5) due to proximity of a saddle-point; motion aquires typial
near-separatrix harater of relatively short veloity pulses separated by
long stays in the saddle-point viinity.
3. Λc2 > Λ > Λc3 The potential has 4 zeros and two dierent types of periodi
motion exist (see Fig. 4). Their period diverges as
T (Λ) ∼ 1/4 ln |Λ− Λc2 | , (39)
when Λ approahes Λc2, Fig. 5.
4. Λc3 > Λ The potential has 4 zeros and two dierent types of periodi
motion exist (see Fig. 6). As Λ → Λc3 (from both sides), the small-sale
branh approahes a near-separatrix regime, its period diverges as
T (Λ) ∼ ln |Λ− Λc3| , (40)
for Λ = Λc3 this branh beomes aperiodi.
For the ase k > 1/2 only the ritial value of Xc3 lies in the physial region,
and only one regime of periodi motion exists (see Fig. 7).
3.3 The ase K < 0, k 6= 1/2
When the total vortex angular momentum is negative, the ritial root (37)
lies outside the physial region, and therefore we expet less variety of motion
types. Otherwise, this ase is similar to the K > 0 ase, in the sense that most
phenomena desribed forK > 0 our, but in a reverse order; for instane, when
k > 1/2 we have three dierent regimes, whih are analogue to the regimes of
K > 0, k < 1/2 ase. The dierent regimes, illustrated by their phase portraits,
are listed below (See Table 1):
1. Λ < Λc1 Motion impossible.
2. Λc2 < Λ < Λc1 The potential has 2 zeros and a periodi motion is possible
(see Fig. 8). In viinity of a saddle point (Λ ≈ Λc2) motion period diverges
in the same way as in K > 0 ase.
3. Λc2 < Λ The potential has 4 zeros and two dierent periodi motions are
possible (see Fig. 9).
On the other hand the situation when k < 1/2, is analogous to the K > 0 and
k > 1/2 situation. Namely, non of the ritial values are physial, and we have
only one type of periodi motion for all range of energies, see Fig. 10.
Now all the possible generi situations being desribed, we will proeed to
the important singular ases K = 0 or k = 1/2.
11
3.4 The ase K = 0.
In this situation any resaling of length does not aet the value of K, and it is
only the value of Λ that ontrols motion sales in the system. The expression
for the eetive potential V (X) an be onsiderably simplied. It is onvenient
to introdue new variable
U =
X2
4k2Y
, (41)
then (21) beomes
V (U) =
2
π2
k2 (1− k)2
(
U − 1
(1− k)2
)
(U − 1) . (42)
The zeros are simple and the dierent onditions imposed on X imply a motion
onned between
1 ≤ U ≤ 1
(1− k)2 , (43)
In this situation double zero do not our. Note that for exat ollapse ase,
k = 1/2, transformation to new variable (41) is singular and does not work. In
this ase the potential V (X) is onstant; its value is negative only in a range
of energies Λ ∈ [1/2, 1], whih means, that ollapse ongurations have their
energies onned to this interval. We will return to the disussion of ollapse
ongurations in Setion 4.
In this singular ase, to visualize the approah to ollapse (k → 1/2), it is
better to have k utuating and Λ xed. This is due to the fat that, when
k = 1/2, whih orresponds to the merging onditions, the motion is possible
only within a range of energies Λ2 > Λ > Λ1. The phase portrait of trajetories
taken for dierent values of k is shown in Fig. 11 and Fig. 12. These two gures
are taken lose to the values Λ = 1/2 and Λ = 1; we notie for the k = 1/2
ase two straight lines orresponding to the two possible motions of expansion
or ollapse. Note, that when Λ /∈ [1/2 , 1] a ollapse annot our, whih means
that the trajetories for k < 1/2 and k > 1/2 are similar to those shown in
Fig. 11, but do not interset on the top view, the results are summarized in
Table 2.
3.5 The ase k = 1/2
This speial ase orresponds to sale invariane, meaning that any length an
be resaled without hanging the energy of the system. Therefore the energies
of the ritial situations should not depend on the value of K, whih is sale
dependent. The eetive potential is now simply a fration of polynomial and
an be rewritten as
V (X) = λ (X −X1) (X −X2) (X −X3) (X −X4) /X4 , (44)
where
X1 =
K
1/2− Λ , X2 =
K
1/2 + Λ
, X3 =
K
1− Λ , X4 =
K
1 + Λ
, (45)
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and
λ =
(1/2 + Λ)(1/2− Λ)(1 + Λ)(1− Λ)
4π2Λ2
. (46)
We have three ritial values, the rst two Λc1 = 1 and Λc2 = 1/2 orrespond to
the divergene of one root, while the third Λc3 = 1/4 orresponds to a double
root situation X2 = X3. Depending on the sign of K we have the following
allowed supports (See Table 3):
1. K > 0 and Λ < Λc3 implies X1 > X > X2. The potential V (X) for
the ritial situation Λ = 1/4 is illustrated on Fig. 13. As we approah
ollapse (K → 0) this motion vanishes.
2. K > 0 and Λc3 < Λ < Λc2 implies X1 > X > X3. The potential V (X) for
the ritial situation Λ = 1/2 is illustrated on Fig. 14. As we approah
ollapse (K → 0) this motion also vanishes. Nevertheless this ase is
interesting as an aperiodi motion very lose to ollapse is reahed as
Λ→ 1/2. The period of the motion as a funtion of |Λ− 1/2| is shown in
Fig. 15. It diverges aording to a power law:
T ∼ (Λ− 1/2)−3/2 , (47)
(see the Appendix for its derivation). Phase spae portraits of the traje-
tories are illustrated in Fig. 16.
3. K > 0 and Λc2 < Λ < Λc1 , then X > X3. This motion is the losest
to the ollapse, as innite expansion is possible, but X is bounded from
below. In this situation we may see a ollapse ourse, whih rebounds on
X3 and goes for an innite expansion. As we approah ollapse (K → 0)
X3 → 0, and depending on the sign of X˙ a full ollapse an our.
4. K > 0, Λc1 < Λ and K < 0, Λ < Λc2 motion impossible.
5. K < 0 and Λc2 < Λ < Λc1 , then X > X1. We have a similar situation as
the one disussed for the K > 0 and Λc2 < Λ < Λc1 .
6. K < 0 and Λc1 < Λ, then X3 > X > X1. Here we an antiipate a similar
situation as the one disussed for the K > 0 and Λc3 < Λ < Λc2 .
In this setion all possible types of motion have been disussed, all the results
for the dierent ases are summarized in the Tables 1-3. A more detailed dis-
ussion of the vorties behavior and trajetories, as the ollapse onguration
is approahed, is presented in the next Setion.
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Λ Type of motion Period K k
Λ > Λc1 no motion no period K > 0 k < 1/2
Λc1 > Λ > Λc2 periodi motion T ≈ 1/2 ln |Λ− Λc2 | K > 0 k < 1/2
Λc2 > Λ > Λc3 2 dierent periodi motions, T ≈ 1/4 ln |Λ− Λc2 | K > 0 k < 1/2
1 large sale, 1 small sale
Λc3 > Λ 2 dierent periodi motions, T ≈ ln |Λ− Λc3 | K > 0 k < 1/2
1 large sale, 1 small sale
any Λ periodi motion no singularities for T K > 0 k > 1/2
Λ < Λc1 no motion no period K < 0 k > 1/2
Λc1 < Λ < Λc2 periodi motion T ≈ 1/2 ln |Λ− Λc2 | K < 0 k > 1/2
Λc2 < Λ 2 dierent periodi motions, T ≈ 1/4 ln |Λ− Λc2 | K < 0 k > 1/2
1 large sale, 1 small sale
any Λ 1 periodi motion no singularities for T K < 0 k < 1/2
Table 1: Dierent types of motion for the general situation K 6= 0 , k 6= 1/2.
The dierent ritial values are
Λc1 = (2δ/K)
2δ
, Λc2 =
1
2
(1 + 2δ)(2δ/K)2δ, Λc3 =
1
4
[(3 + 2δ)/K]2δ.
Λ Type of motion Period K k
any Λ periodi motion, small sales period found numerially K = 0 k < 1/2
1/2 < Λ < 1 ollapse or expansion aperiodi motion K = 0 k = 1/2
any Λ periodi motion, large sales period found numerially K = 0 k > 1/2
Table 2: Dierent types of motion for the speial situation K = 0 , k 6= 1/2.
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Λ Type of motion Period K k
Λ < Λc3 periodi motion T ≈ ln |Λ − Λc3 | K > 0 k = 1/2
Λc3 < Λ < Λc2 periodi motion T ≈ |Λ− Λc2 |−3/2 K > 0 k = 1/2
Λc2 < Λ < Λc1 aperiodi motion no period
∗ K > 0 k = 1/2
Λc1 < Λ no motion no period K > 0 k = 1/2
Λ < Λc2 no motion no period K < 0 k = 1/2
Λc2 < Λ < Λc1 aperiodi motion no period
∗∗ K < 0 k = 1/2
Λc1 < Λ periodi motion T ≈ |Λ− Λc1 |−3/2 K < 0 k = 1/2
Table 3: Dierent types of motion for the speial situation k = 1/2 ,K 6= 0.
The dierent ritial values are Λc1 = 1, Λc2 = 1/2, Λc3 = 1/4.
∗
minimum approah X = X3 = K/(1− Λ).
∗∗
minimum approah X = X1 = K/(1/2− Λ).
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4 Collapse senarii
As we have mentioned earlier, for the ollapse to happen, two "resonane on-
ditions" have to be satised. First, the sum of the vortex strengths inverses
have to be zero. This ondition does not impose any geometrial restritions
on vortex positions, for a given system of vorties it is either satised or not.
Initial positions leading to ollapse are speied by the seond ollapse ondi-
tion, K = 0. It also denes the range of energies, for whih the self-similar
dynamis an our (for k = 1/2), but does not tell in whih diretion (ollapse
or expansion) it will go.
For a given vortex onguration, let us onsider a oordinate system with
x-axis passing through the two positive vorties (k1 = k2 = 1) and an origin in
the middle between them, so that positive vorties have oordinates (−d/2, 0)
and (d/2, 0), where d is the distane between them. Denoting the oordinates
of the third vortex by (x, y) we an rewrite the ondition K = 0 as
x2 + y2 =
d2
2k
(1− k/2) (48)
i.e. third vortex has to lie on a "ritial irle" entered at the midpoint between
the two positive ones, with a radius (d/2)
√
2/k − 1.
In the resonant ase k = 1/2, the ritial irle represents a set of initial
onditions leading to a self-similar ollapse or expansion. Level lines of Λ ross
the irle in four points for Λ ∈ (1/2, 1), see Figure 17. These points are ree-
tions of eah other in the oordinate axes, this symmetry lead the oordinate
axis to divide the plane in four dynamially equivalent quadrants. A reetion
of a vortex onguration is equivalent to hanging the diretion of time, so that
points in adjaent quadrants have opposite diretions of their dynamis. From
the original equations (8), we dedue, that the parts of the ritial irle lying
in the I and III quadrants lead to a nite-time ollapse, and those in II and IV
quadrants to an innite self-similar expansion.
Four intersetions of the ritial irle with the oordinate axes are equilib-
rium positions, where Λ reahes its limiting values (on the irle); the maximum
value Λ = 1 orresponds to the equilateral triangle, and the minimum Λ = 1/2
to ollinear onguration.
We dene a rate of ollapse as a rate of hange of the squared distane be-
tween the two positive vorties, i.e. as X˙. In this ase, self-similar motion will
have onstant rate of ollapse. Indeed, vortex veloities are inversely propor-
tional to the inter-vortex distanes, so that X˙ = 2R1R˙1 is independent of the
sale of the motion. The rate of ollapse is determined by the vortex energy:
X˙(Λ) =
√
4(1− Λ2)(1/4− Λ2), (49)
it tends to zero when Λ approahes one of the equilibrium values Λ = 1/2, 1.
Figure 18 shows vortex trajetories for the fastest ollapse ase Λ =
√
3/2.
When the negative vortex is slightly away from the ritial irle, motion
type depends on whether Λ lies in the interval (1/2, 1) or not. If Λ ∈ (1/2, 1),
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vorties esape to innity, their motion is aperiodi and unbounded. If the neg-
ative vortex lies in the I or III quadrant, vortex triangle starts to ontrat in a
nearly self-similar way, resembling an exat ollapse trajetory, but by the time
when X reahes its minimum value (K/(1/2− Λ) for K < 0 or K/(1 − Λ) for
K > 0) the triangle evolves into a ollinear (K < 0) or isoseles (K > 0) ong-
uration, as shown in Figure 19. After that vorties start to expand ad innitum,
asymptotially approahing a self-similar expanding trajetory. It follows, that
a ontrating self-similar motion in unstable, while an expanding one is asymp-
totially stable, a result obtained in [31℄ via linear analysis. When Λ /∈ [1/2, 1]
motion beomes periodi, X osillates in an interval (K/(1− Λ);K/(1/2− Λ))
for K < 0 or (K/(1/2− Λ);K/(1− Λ)) for K > 0.
In ase k 6= 1/2 unbounded motion does not exist anymore, yet the ratio of
maximum vortex separation during the motion to the losest approah distane
an be arbitrarily large as k → 1/2. An interesting phenomenon is an existene
of bounded aperiodi motions for partiular values of vortex energy. They our
when an unstable equilibrium ollinear onguration X = Xc2 appears at Λ =
Λc2 . Apart from the logarithmi divergene of the motion period near Λc2 it also
leads to a disontinuous dependene of the losest approah distane Xmin on
initial vortex positions. Indeed, ontrating vorties with Λ = Λc2−ǫ where ǫ in
an arbitrarily small positive number, will not pass through X = Xc2 , implying
Xmin ≈ Xc2 , while innitesimally dierent initial onguration with Λ = Λc2+ǫ
will, leading to further ontration. This is illustrated in Figure 20.
To resume, approahing ollapse means taking the limitsK → 0 and k → 0.5.
These limits are not ommutative, and for ertain situations, the result depends
on how the limits are taken, e.g. these limits may indue the divergene of Xc1,2
or set them to zero or any value. Therefore a three vortex system an approah
ollapse in a number of dierent ways. For instane, if we take one limit after
another, we an obtain the properties of the motion from the ases listed in
Setion 3.4 and Setion 3.5. It is also interesting to study some of the senarios,
when the limits K → 0+− and k → 0.5+− are taken simultaneously, leading
to an interplay of dierent situations, desribed in the previous Setion. As an
example, onsider a limit K → 0+, k → 0.5− taken along the line K/δ = C,
where C is a onstant. In this ase, the saddle-point ritial values (Xc2 ,Λc2
tend to (C, 1/2), i.e. the sale of the inner potential well (bounded by Xc2) stay
the same. At the same time the outer potential well spreads two innity, and
we have a situation, when two types of motion, orresponding to the same value
of vortex energy, have entirely dierent length sales.
5 Traer advetion near ollapse
As we have mentioned, a prominent feature of near ollapse dynamis is a gener-
ation of new length sales, whih an dier from the length sale of the original
onguration by orders of magnitude (see for instane (47)). This property has
a strong inuene on the mixing properties of the vortex ow. In this Setion
we display some preliminary results on the dierene of the advetion of passive
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partiles (traers) indued by ollapse for a three-vortex system. We ompare
the motion of passive partiles (traers) in a veloity eld of a near ollapse
onguration, with that in a typial far from ollapse ow. A stream funtion
of the ow, indued by moving vorties an be written as:
ψ(x, t) = − 1
2π
3∑
i=1
ln |x− xi(t)| (50)
orresponding equations of traer motion are:
dr(t)
dt
= ez ∧ ∇ψ (51)
where r(t) denotes traer position vetor. Vortex trajetories xi(t) are periodi
in a orotating referene frame, where (51) have a struture of a Hamiltonian
system with 1 1
2
degrees of freedom [21, 36℄, so in a generi three-vortex ow some
of the traer trajetories are regular, and some are haoti. To visualize adve-
tion patterns, we numerially onstrut Poinaré setion of traer trajetories
(in a orotating frame), whih is an expedient tool for estimation of the degree of
haotization of advetion, loation of the main strutures in the haoti regions,
et. In Fig. 21, an example of an advetion pattern of a far from ollapse ow
is presented. A large onneted mixing region, regular ores around vorties,
ellipti islands are typial elements of a traer phase spae in three-vortex ows
[21, 36℄. Two most important length sales in the advetion pattern, assoiated
with its robust features, are the outer radius of the mixing region and the radii
of vortex ores. Generally, these two sales are omparable (their ratio is about
one order of magnitude or less). However in advetion patterns of near ollapse
vortex ongurations, these length sales beome onsiderably dierent, as the
ore radii tend to zero when approahing ollapse see Fig. 22. The gures Fig. 21
and Fig. 22 are showed to emphasize that traers haoti dynamis in the near
ollapse ase, is dierent than the dynamis without ollapse. A more detailed
analysis will be desribed in another artile.
6 Conlusion
In this paper the behavior of a three point vortex system in a near ollapse
state was studied. We restrited ourselves to a speial ase where to vortex
are idential whih allowed the redution of the system to an eetive one di-
mensional Hamiltonian study. We were then able to lassify all typial types
of motion whih ould our in a near ollapse ase, whih qualitatively agrees
with previous lassiation of the motion of three vorties [24℄[31℄ or ollapse
perturbations [29℄. On the other hand our lassiation also fous on dynam-
ial properties of the system, whih are exhibited through the representation
of trajetories in the eetive phase spae, giving us for example a diret in-
sight on the period of the motion for the losed trajetories. It is in this sense
omplementary of the previous general lassiations.
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Furthermore, the singularity of the vortex ollapse is speial in the sense
that near ollapse dynamis shows a number of nontrivial dynamial features.
In partiular, the possibility of vortiity onentration allows one to speulate on
the fat that the ollapse situation exhibits some basis mehanisms whih are
of importane in 2D turbulene and its models. For instane, it beomes lear,
that three-vortex ollisions play an important role in the aggregation of vortiity
in 2D turbulent ows, espeially at the late stages of freely deaying turbulene,
when the vortiity oupation is rather low [38℄. Among these three-vortex ol-
lisions, near ollapse ones are the more eetive in bringing vortex together, and
are thus the most important ones; this speulation is supported by the numer-
ial simulations [28℄. From this perspetive, we give in this paper through the
analysis of the eetive potential, dierent typial length sales (Xc) and time
sales (ritial behaviors of the period), whih shall be of importane in models
attempting to desribe 2D turbulene. For instane, the intriate struture of
the vortex ollapse singularity results in a very sensitive, non trivial dependene
of the losest approah in the viinity of ollapse; it turns out that this is a
disontinuous funtion of initial vortex positions. This is illustrated in Setion
4, by the gure 20; in the same Setion the onguration of the three vorties in
their losest approah has also been disussed, and a lear distintion is made
between the ollinear and isosele triangle onguration. These results ould be
of importane in deriving three-vortex merging rules analogous to the two-vortex
ones used by urrent puntuated Hamiltonian models of 2D turbulene.
From the dynamial point of view, the study of vortex motion near the peu-
liar ritial situation of ollapse, has also revealed itself interesting in exhibiting
a variety of behaviors. Namely, we observed for some situations dierent peri-
odi motions for whih ritial behavior of the growth of the period with respet
to the ontrol parameter Λ an be logarithmi, but it also an be as well a non-
generi power-law growth with exponent 3/2 (See Setion 3.5 or Table 3). This
last behavior is partiular as in most ases, the approah of a singular ritial
point leads to a typial logarithmi divergene of the period, as for the near
sattering situation disussed in [24℄.
Another motivation was how, the near-ollapse dynamis inuene the prop-
erties of passive partiles. Advetion in the haoti region of the ow due to
three idential vorties is superdiusive [36℄; traers statistis is non-Gaussian,
and is haraterized by power law tails in the traer probability density funtion,
and algebrai deay of Poinaré reurrenes statistis; both are the onsequenes
of the presene of long regular ights in a haoti traer trajetory. We expet
the advetion in a general three vortex system to be anomalous too, but the
question whether or not the power law exponents and self similar behavior of
the the traer distribution observed in [39℄ are universal, remains open at the
moment. With this in mind, it seems that the extreme dynamis enountered
in near ollapse dynamis, seem to be the most appropriate andidate to hek
if suh universality exists. In this paper we limit ourselves to a short illustration
of the advetion patterns evolve as ollapse is approahed. We have observed
, that as the system approahes ollapse, the degree of haotization inreases:
the haoti region grows and the area of the regular island inside it shrinks. A
19
more detailed study of the dynamial and statistial properties of the advetion
in near-ollapse ows is urrently under way, and will be presented elsewhere.
To onlude, we emphasize one again the fat, that near ollapse dynamis
omprises several types of motion. Their time and length sales dier onsider-
ably, depending on the way the ollapse onditions are violated.
Appendix: Power-law divergene
From the eetive Hamiltonian (22) the period of the motion in the ase k = 1/2
and for instane K > 0 and Λ < 1/2 (see Fig. 15) is then simply dened by
T = 2
∫ X1
X3
dX√
−V (X) , (52)
where X1 and X3 are dened in (45). To obtain the asymptoti expression of
the period as Λ→ 1/2−(where the − sign refers that we are taking a right limit
Λ < 0.5), we use some simple equivalents, and write
T ∼ 2λ−1/2
∫ X1
1
dX√
X1/X − 1
∼ 4λ−1/2X1 , (53)
using the expression (45) for X1 and (46) for λ, we obtain the asymptoti
behavior of the period as a funtion of Λ and K
T ∼ K
√
3
2
(
1
2
− Λ
)
−3/2
. (54)
The period diverges as (1/2− Λ)−3/2 when Λ approahes the ollapse value of
1/2, and K 6= 0. Note that the period is linear in K.
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Figure 1: Notation hosen for the problem
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Figure 2: The potential V (X) for the three ritial ases. k = 0.2. For Λ = Λc1
the motion appears, for Λ = Λc2 two motions are possible, and for Λ = Λc3 an
unstable aligned onguration is approahed as X → X+c3 .
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Figure 3: Phase spae portrait lose to Λc1 for dierent energies for the ase
K = 1 and k = 0.2. The bottom gure is the top view of the upper one. One
the rst ritial situation is reahed a motion is possible.
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Figure 4: Phase spae portrait lose to Λc2 for dierent energies for the ase
K = 1 and k = 0.2. The bottom gure is the top view of the upper one. One
the seond ritial situation is reahed, the single possible trajetory reahes the
separatrix, and the splitting in two possible motions ours.
27
0.2647 0.2647 0.2648 0.2648 0.2649
0
20
40
60
80
pe
rio
d
H
10−6 10−5 10−4
0
20
40
60
80
pe
rio
d
dH
Figure 5: Period of the motion versus energy (∆H = |H(X)−Hc2 |) for k = 0.2
lose to Λ = Λc2 . We notie the logarithmi behavior of the divergene, we note
also that the sum of the slopes of the two right branhes (lower) is equal to the
slope of the left branh (upper).
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Figure 6: Phase spae portrait for Λ = Λc3 for the ase K = 1 and k = 0.2. A
splitting ours like for Λ = Λc2 but the triangle onditions prevent the existene
of a third branh. We notie the sharp angle at X = Xc3 .
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Figure 7: Phase spae portrait for dierent values of Λ in the ase K = 1 and
k = 0.55. The bottom gure is the top view of the upper one. The motion
remains periodi. As Λ inreases, we notie the growth of the range of length
sales explored by the motion.
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Figure 8: Phase spae portrait lose to Λc1 for dierent values of Λ in the ase
K = −1 and k = 0.55. The bottom gure is the top view of the upper one.
One the rst ritial situation is reahed a motion is possible.
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Figure 9: Phase spae portrait lose to Λc2 for dierent values of Λ in the ase
K = −1 and k = 0.55. The bottom gure is the top view of the upper one. One
the seond ritial situation is reahed, the single possible trajetory reahes the
separatrix, and the splitting in two possible motions ours.
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Figure 10: Phase spae portrait for dierent values of Λ in the ase K = −1
and k = 0.2. The bottom gure is the top view of the upper one. The value of
Λ determines the typial length sale of the periodi motion (the value of K is
xed).
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Figure 11: Phase spae portrait lose to Λc2 for dierent values of k in the ase
K = 0. The bottom gure is the top view of the upper one.For this singular
ase we notie the two lines at k = 1/2 orresponding one to ollapse and one
to innite expansion. On the projetion plot (bottom), the trajetories k < 1/2
and k > 1/2 seem to interset on those two lines. For Λ < Λc2 ollapse is
not possible, and the trajetories do not interset. We notie that lose to the
ollapse ondition k = 1/2, the values k < 1/2 desribe a ollapse motion, while
k > 1/2 desribes the expansion motion.
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Figure 12: Phase spae portrait lose to Λc1 for dierent values of k for the ase
K = 0. The bottom gure is the top view of the upper one.For this singular
ase we notie the two lines at k = 1/2 orresponding one to ollapse and one
to innite expansion. On the projetion plot (bottom), the trajetories k < 1/2
and k > 1/2 seem to interset on those two lines. For Λ > Λc1 ollapse is
not possible, and the trajetories do not interset. We notie that lose to the
ollapse ondition k = 1/2, the values k < 1/2 desribe a ollapse motion, while
k > 1/2 desribes the expansion motion.
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Figure 13: The eetive potential V (X) in the singular ase k = 1/2 (δ = 0)
for the ritial energy orresponding to Λ = 1/4: the double root ase.
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Figure 14: Evolution of the eetive potential V (X) in the singular ase k = 1/2
(δ = 0) within the energy range orresponding to possible ollapse Λ ∈ [1/2, 1].
We notie that unbounded motion ours.
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Figure 15: Period of the periodi motion (Λ < 1/2) motion versus |Λ − 1/2|
in the singular ase k = 1/2 (δ = 0). We notie a power-law divergene of the
period as we approah ollapse. The measured exponent is 3/2. See appendix
6 for the analytial omputation.
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Figure 16: Phase spae portrait for dierent values of Λ lose to Λc = 1/2, in
the ase K = 1 and k = 1/2 (δ = 0). The bottom gure is the top view of the
upper one. We notie the singular evolution of the motion to larger sales as Λ
approahes Λc.
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Figure 17: The approah to ollapse. Initial positions available for the vortex
with negative strength. The two vortex with strength 1 are xed, and loated by
the two thik points on the plot. Cirles refer to dierent values of the onstant
K, while the oval urves orrespond to dierent values of Λ. The shaded region
orresponds to initial onditions leading to the aperiodi innite expansion type
of motion.
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Figure 18: Vortex trajetories during ollapse. Initial positions are shown by
irles, they orrespond to a fastest ollapse value Λ =
√
3/2; negative vortex
trajetory is plotted in blak, positive ones in gray. All three vorties onverge
to the enter of vortiity in nite time τ = 4π/3.
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Figure 19: Unbounded near-ollapse motion for k = 1/2. Negative vortex:
blak; positive: gray. Closest approah positions are marked by asterisks.
Upper plot K < 0: vorties ontrat until a ollinear onguration with Xmin =
K/(1/2− Λ) is reahed.
Lower plot K > 0: losest approah is this ase is Xmin = K/(1 − Λ) and
orresponds to an isoseles triangle.
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Figure 20: Motion in the viinity of a saddle-point Λ = Λc2 Contrating vorties
approah an unstable equilibrium onguration, their spiral trajetories tighten
and beome nearly irular.
Upper plot Λ < Λc2 : vortex onguration annot pass through the saddle-point,
and reets bak after reahing ollinear onguration.
Lower plot Λ > Λc2: vorties above the saddle-point, and ontinue ontration
(only a small piee of this part of the trajetory is shown).
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Figure 21: Far from ollapse δ = 0.4. Poinaré setion of 253 passive traers in
the ow eld generated by three point vortex. The run is over 4000 periods. The
onstant of motions are Λ = 0.9, K = 0. The vortex strengths are (−0.1, 1, 1).
The period of the motion is T = 6.59.
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Figure 22: Far from ollapse δ = 0.09. Poinaré setion of 253 passive traers in
the ow eld generated by three point vortex. The run is over 4000 periods. The
onstant of motions are Λ = 0.9,K = 0. The vortex strengths are (−0.41, 1, 1).
The period of the motion is T = 36.86.
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